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Asset and Commodity Prices with Multiattribute
Durable Goods

Jérdme B. Detemple , Christos I. Giannikos

Résumé / Abstract

Nous considérons une économiepdeéchange a agent représentatif
avec biens périssables et durables tizmselle le bierdurable procure du statut
ainsi que des servicedlous examinones effets de cedeux attributs dipien
durable sur les demandes et les prix d'équilibre. Lorsquatiésutssont des
substitutsparfaits l'irréversibilitédes achats du durable peut créges excés
temporaires de services courants par rapport a leur niveau désiré. L'inflexibilité de
l'ajustement est asymmeétrique puisqu'une augmentation du niveau de statut désiré
est réalisée palesachats immédiats. Nous démontrons quéale d'intérét
d'équilibre dépend, eparticulier, destaux decroissance deattributs dubien
durable et que les primes de risque vérifient un MEDAF de consommation & deux
bétas. Nous examinotes conditions sous lesquellesdiarabilité augmente les
primes de risque des actifs financiers.

We consider a pure exchange representative agent
economywith perishable and durable commoditiesvthich the durable good
provides status asell asservices. We examine the effects of the durable's
attributes on demands and equilibrium prices. When the attributes are perfect
substitutes irreversibility of the durable's purchases may cause temporary
excesses of actual services over their desired level. Stickiness in adjustment is
asymmetric since increases in desired status level are met by immediate
purchases. We show that the equilibrium interest rate depends, in particular, on
the growth rates of the durable's attributes and that asset risk premia satisfy a
two-beta consumption CAPM. Conditions under which durability increases asset
risk premia are provided.
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rate.
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1. Introduction.

In this paper we consider arconomy withperishable and durable
commodities inwhich the durableommodity functions as a symbol sifatus in
addition toproviding services. Wanalyze the effects of these tatributes of
durable goods on the demand functions and equilibptices in a pure exchange
representative agent econoriyhen the attributes of durables are perfect substitutes
irreversibility of durable purchases may cause temporary excesses of actual services
over their desired level. Stickiness in adjustment is asymmetric since increases in
desired status level amet by instantaneoysurchases. The possibility ffture
excesses affects both the current demands for durables and perishables. Closed form
solutions for the price of the durable commodity, the interest rate and asset risk premia
are derived. In equilibrium the interest rate depends on the moments of the rate of
growth in the consumption of the perishable good as well as on the rates of growth in
the attributes (status and services) of durables; asset risk m&infg atwo-beta
consumption CAPM. We provide conditions under which the multiattribute nature of
durable goods simultaneoushcreases asset risk premia and lowers the interest rate.

In the traditional intertemporal asset pricing model commodities provide
immediate gratification through consumption. Indeed, in the standard setting, the
instantaneous utility functiodepends on contemporaneous consumption rates only.

It is clear though thahts choice of structure fails to capture the diversity of functions
played by a large fraction of commodities in modern economies. A wide array of
commodities manufactured and sold in marketiged, fulfil multiple needs. Durable
goods, such as automobilsg;niture or clothing typically play two roles. On the one
hand, they providservicesand therefore utility ovezxtended periods of time, i.e. they
have a usage function. On the other hand they also play an important shbegof "
creation, i.etheyhave a symbolic function. This symbolic function is revealed in
feelings of proudness, worttgss or status which are often associated with ownership
of durable goods. It iperhapghe dominant function of items such as luxcays,
fashionable clothes or jewelry.



The role of status creation has beenply documented in sociological
studies (Baudrillard1981)) and used as a motivation for tseudy of models
involving "Catching Up with thdoneses" or habit formation (Ryder and Heal (1973),
Abel (1990)). The dual role of durables also been recognized in conshey
(Lancaster (1991)). Intheir role of status creation durables provide immediate utility
as well as, possibly, futunility which reflect the symbolic value attached to the
ownership of the commodity. Hencegarablecommodity isbest described as a
multiattributecommodity with two main attributes: status and services. Each of these
attributes is valued by agents whorchase theommodity to fulfiltheir needs for
status and for services.

Expenditures on durables represent about 12.5% of consumer expenditures
on goodsand services.Durables expenditures, also, constitute ninest volatile
component of consumer expenditures: the standard deviation of the growth rate in
durables is about six times that of non-durables and services (Mankiw (1985)). Since
the durability aspect of thegeods and, more specifically, the multiattribute structure
of durables does not fit in the classic model, we propose a modification of the standard
preference structure to incorporate these considerations. Additionally, implications
of a theory incorporating this dichotomy between goods (durables versus perishables)
can be tested since National Income Accounts provide a breakdown of consumption
between durables and nondurables.

It is well known that the standard asset pricing madkl a single perishable
consumption good (Mertod973), Breeden (1979), Cox, Ingersoll and Ross (1985))
fails to explain a number of observed regularftiéstempts to reconciliate theoretical

! Lancaste(1991) discusses the ‘fashion' style' attributes as a relevant

characteristic of durable commodities. He also argues that "...In the decision to buy
a new automobile, for example, the characteristic related to ‘fashion' or 'style’' may be
present in relative strength in the first season, relatively less in later seasons, although
the characteristics related to 'transportation’ (usay remain with constant
coefficients over several seasons."

2 Some of the shortcomings of the standard model based on time additive von
Neumann-Morgenstern preferences are described in Grossman and Shiller (1981) and
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implications with observed empirical regularities hawvainly focussed on the
structure of preferences. To this end recursive preferences (Epstein and Zin (1989),
Duffie and Epstein (1992)), preferences embodying substitutability of consumptions
at different dates (Hindy and Huang (1992,1993)) and habit forming preferences (Abel
(1989),Sundaresafi1989),Constantinide$1990),Detemple and Zapate(@991,

1992) and Heaton (1993)) have been investigated. Models based on habit forming
preferencesfor instance may produce low volatility of consumption since habits
increase the cost of current consumptitiey mayalso increase the magnitude of
asset risk premia as a result of "increased risk aversion".

One feature abseritom the standard model is thdichotomy between
durable and nondurable commodities. While the importance dfithistomy has
already been demonstrated in the context of the term structure of interést rates (Dunn
and Singletor{1986))current research hasostly centered on single good models
with durability in which the durable good has a single attribute. Réioelitigs
suggest that nondurable consumptionseairby points in time are substitutes and that
servicesfrom durable and nondurable goodsay not be perfect substitutes
(Eichenbaum and Hansen (1990)). loregnies invhich a single durable good, such
as housing, provides instantaneous services which are valued by households but is
costly to adjust, equilibrium asset priceatisfy the traditional CAPM while the
consumption CAPM fails (Grossman and Laroque (1990)). Also, durability and habit
formation exert conflicting effects oasset risk premia: evaluation of a model
incorporating both aspects reveals an improvement ifittoethe model but also
suggestghat habit persistence dominates durability (Ferson and Constantinides
(1991)). Durable goodsadditionally, can be valued as contingent claims: the price
of a durable good with single (service) attributinéscurrent market value of its future
service flows (Eichenbaum, Hansen and Richard (1987)). Finally Hindy and Huang

Mehra and Prescott (1985).
% See also Farmer (1990) and Weil (1990).
4 Durability may help to explain the varied shapes of the yield curve.

4



(1993)study a model in which single durable good produces servifresn past
purchases.They find that theagent consumes periodically and invests more in the
risky asset than the corresponding agent with standard time additive utility.
Hence, the current literature &ty underscores the need for further analysis
of general models which involve multiattribute durable goods. Inpiuger we
formulate a model of asset pricing in a class of stochastic exchange economies with
two types of commodities, durable and nondurgbieperishable) goods. In our
model the durableommodityhas two attributes. It provides servidesm past
purchases and it creates statmsnediately, at the time gfurchase. The agent's
preferences ardefined over thg@erishable consumption good, status and services.
In a first step we assunt® perfect substitutability between status and services, (i)
linearity of the production function for status wi#spect to the contemporaneous
quantity of the durable commodity purchased(@idinearity and history dependence
in the technology for production skrvices which is a weighted averagepabt
durable purchases. This basiodel is later extended to more general preferences
defined over attributes.

1.1. Summary of results

In the presence of multiattribute durability consumption choices are driven
by the following considerations. The choice of consumption ofpéreshable
commodityinvolves the usual comparison between the current margjitig} of
consumption and the marginal (monetary) cost.wBy of contrast an increase in
current purchases of the durable good producesmaadiate increase in status as well
as an increase fture services produced, i.e.rdises contemporaneouslity as
well as future utiies. The optimal policy balances the marginal utility of status plus
the marginal utility attached to future services and the marginal cost of the durable's
purchases. When the instantaneous utility function is not additively separable across
goods the demands for therdble and the perishable interact and depend both on the
stock of services provided by past purchases and on the status level achieved.



Durability implies areffect of past purchases on current utility and choices.

If past acquisitions of the durable are irreversible and if status and services are perfect
substitutes nonnegativity consumption constraimiy become binding even if the
marginal utility atzero is infinite. Indeed, singeast purchases provide current
services the economy may reatates in which a reduction in services is desired. By
precluding an instantaneous reductionseérvices below these provided by past
durable's purchases irreversibility may force temporary excesses of current services
over their desired level. Stickiness in adjustment, furthermore, is asymmetric:
increases in desired status level are met by instantaneous purchases. The possibility
of future excesses affects both the current demands for the durable and the perishable.
When the endogenous atraint is currently active an excess or deficient demand for

the perishable good is recorded depending on whether the cross partial derivative of
the utility function is positive or negative.

In equilibrium, Arrow-Debreyrices are proportional to the marginal utility
of perishable consumption evaluated at the aggregate consumption of the perishable,
the status level achieved and the aggrefiate of services produceftom past
durable's purchases. The (relative) price of the durable reflects the intertemporal
nonseparabilities inherent in dbility: it depends on current marginal utility of status
as well as on the marginal utility of futuservices. By way of contrast, the interest
rate and asset risk premia are ndirectly influenced by intertemporal
nonseparabilities induced by the service attribute of the durable good.

The equilibrium interest rate islated to the moments of the growth rates in
perishable consumption, status and services produced from the durable. In particular,
a negative relation to the expected growth in the services from the durable emerges if
and only ifthe cross partial of the instantaneous utility function is positive (u > 0).
Under appropriate conditions a negative relation to the quadratic variation of the
growth rate in status and to the covariation between the growth rates in status and in
the perishable's consumption is recorded.

The presence of a multiattribute durable good also changes the structural
form of asset risk premia (relative to a single attribute durable model): laet&o



consumption CAPM holds where the factere aggregate consumption of the
perishablegood and aggregate status level associated with the durable respectively.
Durability also changes the weights of the respective factors. If the (atemporal)
conditional relative risk aversion of the instantaneuotilty function (-u,/u,) is
increasing wittrespect to the attributes of the durabledffect of the first factor is
magnified. Under appropriate conditions duratdilgo boosts the effect of the second
factor. Hence, comparison of equilibria across economies reveals that asset risk
premiamay behigher while the interest ratmay belower when one of the two
commodities is amultiattribute durable. The source of thédfect is the
nonseparality across the perishable and the attributes of the durable and the
presence of the status attribute. Thus, explicit modelling of multiattribute durability
in a two-good economy may help to resolve the equity premium puzzle.

Section 2 presents the structure of gwnomy and th@ssumptions.
Demands for consumptions of tharable and nondurable are derived in section 3;
equilibrium allocations and prices are solved fagdntion 4. Section 5 focuses on the
behavior and properties of the interest rate and of asset risk premia and specializes the
results to a Cobb-Douglaconomy. An extension to a mageneral model of
preferences over attributes is presented in section 6. All proofs are collected in
Appendix A; Appendix B derives the equilibriumatilities of the values of the firms
producing the two goods; Appendix C contains an analysis of the demand functions
for the model of section 6; Appendix D provides a solution metbodinear
backward equations.

2. The economy

We consider a pure exchangeonomywith a representative agent (Lucas
(1978)) andtwo types of commodities: durable apeérishable. The durable
commodity has two characteristics: it provides services and status.

The uncertainty is represented by a complete probabitiace Q,3,P)
whereQ is the set of states of natugeis ac-algebra representing the collection of
observable events and P is a probability meadefieed on {2,3). On @Q,3,P)



define a Brownian Motion process W with valuesith The economy has finite time
[0,T]. Letg, = {R:t<[0,T]} denote the augmented filtration generated by W and set
% =%. Our model for information and beliefs 2,§,5,,P).

There are two commodities in the economy. The foshmodity is a
standard perishable good which is ptgijcdestroyed in the process of consumption.
The consumption good has a unique attribute which can be interpreted as the health
benefits that it provides. In the remainder of the paper we assimilate the consumption
of the perishable commaodity with its unique characteristic: both are denoted by c. The
secondcommodity is alurable good which has two distinct functions or attributes.
On the one hand the durable provides services, z, which are valued by the agent. On
the other hand it functions as a symbol of value@ngides status to its owner, s.
The durablecommodityrepresents aommon input in the production of these two
characteristics. The structure of these production functions will be specified below.
Preferences are defined over (the triplet of) characteristics. The consumption space
is the positive cone of the space of square-iat#grandy,,-progressively measurable
processes.

Assumption 1: Preferences have the von Neumann-Morgenstern representation,

U(c.s.2)= E[fo(p) u(c.s +2)dt] (1)

where p, = exp[[/oB,dv], B is a boundedg ,-progressively measurable process
representing the subjective discount raté, ) is the instantaneous utility function,
¢, represents the consumption of the perishable commodity at dgteés tthe
consumption of the status attribute andhe consumption of services. The utility
function, u(-,): [0s)X[0,=)-(-=,<), IS twice continuously differentiable, strictly

increasing, strictly concave with respect to each argument and concéye-ia)

® A stochastic process X is square-integrabled0,T]) if E[[4(X)dt] < «.
A stochastic process X {&,-progressively measurable (with respect to the filtration
J,) if, for each t0 and each A3(%t) the set {(vw):ve[0,t], weQ, X (w)cA}
belongs to the produet-field 3([0,t])XS;.
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Letu,(-,) andu,(:,) denote the derivatives af-,-) with respect to the first and the
second argument respectively. We assumdithaju,(c,s+z) =-, vs+z=R*. Also
define the functionky,s+z)andH(y,y) representing the inverse of(c,s+z)with
respect tac for s+zgiven and the inverse of(I(y,s+z),s+zwith respect ts+zfor

y fixed, i.e.,

u(lly,s+z),s+2) =y (2)
Wy, HY.v)).HlY.v)) = v. ®3)

We assume that the functioifs-) andH(-,") exist, are continuously differentiable
and have the limiting values:
(i) 1(0%,s+2) = lim),(I(y,S+2) = +, VS+Z=R".
(i) H(+e,+=) =lim,,., Hy,y) =0.
(i) H(0",0%) =lim,,,, H(y,y) =x; O<k<e.
(V) 1(=,H(e)) = limy..,, Iy, HCY,v)) = 0.

The utility specification (1) embodies an assumption of perfect
substitutability between status and services. fo¢as on this simple case first to
provide elementary insights about the effects of durable goods with multiple attributes.
Many structural results are independent of this particular assumption. An extension
to a general preference structure allowfogimperfect substitutiofbetween the
attributes of durability is studied in section 7.

The assumptions on the utility function are standard. Increases in status or
in services increase utility, but at a decreasing rate. These assumptions are satisfied
by the Cobb-Douglas utility function which is studied in section 6.

To complete the description of the model we specify the relationship between
the attributes of the durable good and the amounts afaimenoditybought. We
suppose that services are derived from past purchases of the durable commaodity only.
This is consistent with previous continuous time models of durability such as Hindy
and Huang (1993). Status, on the other hand, is related to contemporaneous purchases



since it is associated with ownership of the commddity. Status also appears to be a
more transitory property of durable commodities since the mere use of the commodity
makes it more common, thereby reducing its symbolic value for the dgeer
footnotel). Without loss of generality weuppose that status depreciates infinitely
fast so that only current purchases produce status.

Assumption 2: The technology for production of services is,
z, =z +a[ig"™Ids, z-0; t<[0,T] (4)

where o and z, are nonnegative constants ahd0, represents purchases of the
durable commodity at tine s-[0,t). Initial servicesz,, are produced from a stock
of durables inherited by the agent. The coefficiedetermines the relative weight

of past purchases in the production of current services.

Assumption 3: Status is related to contemporaneous durable purchases by,

s =1|. )

The technology4) for production ofservices is additive and lineaith
respect to past purchases of the durable. While more general, nonlinear or nonadditive
technologiesnay be ofinterest as well, the linear technolo@y iseasier to handle
and leads to closed form solutions for demand functions when appropriate conditions
are satisfied. It can therefore be used as a benchmark model for evaluating further

extensions to more general production technologies for services.

® It can be argued that the statffect everprecedes ownership or purchase
of a commoditysince itmay beattached to the intent of purchase. When planning
future acquisitions of certailuxury items consumers ofteexperience a sense of
achievement associated with their anticipative identification to a higher social class.

" It is straightforward to model persistence in"gynbolic" function played

by durables by adding another index x depending on historical purchases of durables
with a depreciation rat& (see section 7).
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Similarly, therelationship(5) between the status attribute and the amount
purchased is assumed to be linear. Section 6 discusses an extension to intertemporal
dependencies and decreasing returns to scale in status creation.

Finally we note that the model with tvwerishable commodities can be
retrieved as a subcase of (1), (4) and (5) by settir@yand z =0. This economy with
two perishable commodities, constitutes the benchmeskomyagainst which the
effects of durability can be evaluated.

Endowments of the perishable and durablemodity are respectively e and
f, (e,)e<?[0,TIx¥>10,T]. Associated with the endowment process of durables f, is
the flow ofservices produced z (§ z,e™* +a [ie“9fds, z-0. In the remainder of
the paper we will use both notations z @) avhen the context requires identification
of the arguments of the production function for services. The endowment processes
satisfy,

Assumption 4: Aggregate endowments follow Ito processes,

de = e[ (H)dt +o (t)dW]], e,>0,
and df, = f[ i (Hdt + o,(t)dW,], f,>0,

where the unidimensional drift coefficieptsand p,, and the components of the 1xd
vectors of volatility coefficientso, and o, are bounded,J,-progressively

measurable processes. We assume that the implied process,

Ae=-u(e f+z (M) [ui (e f+z(M)ev . + ufefi+z ()i ]

satisfies the (Novikov) conditioBexp[(1/2) 5] A,|dt] <.

Assumption 4 is standard: it ensures that the equivalent martingale measure
evaluated at equilibrium allocations is well defined.
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Two types of investment opportunities axailable: a (locally) riskless asset

and a set of d riskyecuritie$  The riskless asgelys an interesate r which is a
square-integrable argl,-progressively measurable process. Tikley assets are
contingent claims with exogenously specified payoffs. The vector of asset prices S =
{S;; te[0,T]} satisfies,

dS = k[pudt +a dW|], S, given; [0, T], (6)

where | is a dxd diagonal matrix with the vectopdtes on its diagonal. The d-
dimensional process | represents the vector of expected returmssaadixd-matrix
of volatility coefficients. Components of i andareS,-progressively measurable
processesy is invertible and the vector of unit risk prenfia: (0,)*(-r.1) satisfies
the condition, Eexp[(1/2]6,)%dt] < =.

A portfolio processn is S,-progressively measurabl&“-valued and
square-integrable (§|n,/%dt <~). Heren represents the vector of dollar amounts
invested in the risky assets; if X denotes the wealth proces$,iXthe investment
in the riskless asset.

We also recall that a process of consumption of the perishable good c is an
Jy-progressively measurable and square-integrable process with valueg.iny0,
process of durablgood purchases | is af,-progressively measurable, square-
integrable processith values in [0Or). A process of relative price of the durable
good p is a square-integrahtg,-progressively measurable process.

Atriplet (m,c,l) of investment, consumption of perishable and purchases of
durables is admissible if and only if the wealth process X satisfies the no-bankruptcy
condition X>0, t<[0,T] (P-a.s.) where X solves the stochastic differential equation,

dX,= (X, + g +p{ - ¢ - pl)dt 4 [(p-rD)dt + o dW,]; X, = 0. (7

& The equilibrium implications of the model are affected by the number

of contingent claims available since markets are effectively complete in single agent
econones. Completeness of the asset market, however, is instrurfentalr
existence results relating to the demand functions (section 3).
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An admissible policyif,c,l) is optimal for the agent if it cannot be dominated
by another admissible policy, i.e. if there is no other admissile°(°) such that
U(c,s(P),z(P)) > U(c,s(l),z(1)).

An equilibrium is a collection gfrocesses ((S',r',p %(,¢ ;1)) such that the
strategy t',C ,I ) is optimal for the representative agent and markets clear: ¢ -e =0,
I'-f* = 0 andn” =0.

3. Optimal demands
Consider the progressively measurable pro@es$0,; t<[0,T1}, 6, = (o)
Yu,-r1), which represents the vector of market prices of risk and define the associated

exponential martingalg = {n; tc[0,T]},
M. = expl{0AWsY5/ 40 §%ds]. (8)

The equivalent martingale measure is Q(A) R8L]; AcS;. Under this measure
asset prices discounted at th&frise rate are martingales. The measure is equivalent
to P sincéd is bounded. It is also unique by completeness of the asset market. Also,
the proces~s WW, + [; 8ds, £[0,T], is a standard, d-dimensional Brownian Motion
relative to Q.

Let us define the discount factor,-bexpl[-/¢r,dv] and the ratio h = bdb.,.
The static optimization problem associated with the dynamic optimization problem of
the agent is (Cox and Huang (1989, 1991), Karatzas, Lehoczky and Shreve (1987)),

max, U(c,s,2) s.t. E[fb(c+hp)dt] < E [[ob(e+fp)dt] )

where E represents the expectation under the equivalent martingale measure Q. Let
(c',I" denote the solution to (9). Then {c ,I ) is optimal for the dynamic problem and
is supported by a unique portfolio strategy Specificallyn’, = ()! (6,)* &, where

® The controls c and | in (9) represent respectively consumption of the perishable
good andpurchase of the durable good. Bgfinition theseprocesses arg,-
progressively measurable and square-integrable with values-n [BJso, note
that pk<*[0,T] and pt<*[0,T].

13



¢ is the unique predictable and square integrable process in the representation of the
Q-martingale,

EL[/5b(C,-& +4 -DR)dH - E [ob(€.-& +{-H)R)dt] = b, W, (10)

where WW, + [ 8ds is the Q-Brownian Motion process defined above anfi £ |
E'[| 3] represents the conditional expectation operator.

The static budget constraint in (9) states that the present value at date zero
of expenditures (Bib,(c+lp)dt) cannot exceed the value of resources
(E'[b(e+ip)dt). Since the asset market is complete any given consumption profile
can be attained by an appropriate (and unique) trading strategy. The optimal portfolio
is simply proportional to the procegsvhich arises in the representation of the value
of the net expenditures stream (10).

Let y denote the Lagrange multiplier associated with the static problem and
consider the process equal to the discounted value of the martingidasity,
£, = bn,, where the instantaneous discount rate is the riskless rate. The @rocess
represents the state price density; Arrow-Debreu prices are givietibyAlso define

PsEPIPs
The policy (c,!) is optimal if and only if (c,l,y) solves (see Theorem 6 in the
Appendix),
W(c.8+2) = w&, (11)
W(C.5+7) +aE{[1p £ U (c. s +Z)dsk yp § pi=if 130 (12
>0, >0, tc[0,T]; y>0, (13)
E'[[ob(c+hp)dt] < E [[ob(e+p)dt]. (14)

where c and | are progressively measurable and square-integrable processes.
Equation(11) isthe standard optimality condition for consumption in a
complete market: the marginal utility of consumption in a gistte equals the
marginal cost of consumption associated with that state. Note that the choice of
perishable consumption depends on the choice of siatliservices if thetility
function is not additively separable. Equation (12) characterizing the optimal choice
of the durable is more complex due to the multiple attributes of the good and to the
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structure of services involving intertemporal dependencies. The marginal benefit in
this case consists of the immediate marginal utility (u, (c,,s +z)) associated with status
creation as well as of the utility benefits associated with future services provided by
a current incremental purchaseE[[{p€“®? u,(g,5+z)ds]}® Irthis second
component the increase in thew of services at date fsllowing an incremental
purchase at date t is given bg*©Y. The marginal cost is the Arrow-Debreu price
multiplied by the (relativerice of the durable commodity. The equation holds as an
equality wherpurchases of the durable are positive. Perfect substitutability between
status and services and the history dependent structure of services imply the possibility
of a binding nonnegativity constraint on goases. At such a corner the marginal cost
exceeds the marginal benefit. Lastly equation (14) is the static budget constraint.
To understand the structure of the demand functions it is useful to perform
a transformation of (11)-(12). First recall the definitions of the functions I(y,s+z) and
H(y,y) representing, respectively the inverse ,of u (c,stt) respect to dor s+z
given and the inverse of u (I(y,s+z),s+z) with respect to s+z for y fixed (equations (2)-
(3)). Second, introduce the auxiliary procgsgepresenting the marginal monetary
cost of durable purchases net of the marginal benefits attached to the provision of
future services. Letus, in a first step, ignore the nonnegativity constraint on I. In this

casey satisfies the recursivaear equation,

Yy = Y& - B[ {ps€°CVyy ds], #[0,T]. (15)

Since optimal date t policiestisfy y (¢,s+z) =¥, and y (¢,s+z) =&, they are
respectively given by | = HpE . yy) - z and ¢ =1(p.£,,5+z) where H(B.£..yY) - Z

may take a negative value, but d(§,s+z) is always nonnegative due to our
assumptions on thatility function. The negative value for current purchases of the
durable arises when past purchases provide services in excess of the currently desired
level of status and services.

© When status involves persistence we obtain a second recursive component on
the left hand side of (12) which captures the effect of current purchases on the future
status of the owner of the commodity.
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Since purchases are irreversible the nonnegativitytcaint + 0 may become
binding. It follows that purchases of the durable good at date t are the positive part of
the unconstrained policy;: | fH(y p£Yyy) - 2]7. Along the optimal trajectory the
marginal cost net of future benefits, takes into account the possibility of binding
constraints at future times. Tipeocessy then satisfies thaonlinear recursive
equation,

VY = YP b - e E[[{ps €U (Iyp £ 4[H(yp £ ¥y kzL+z )
[Hy p£oyy )-z{"+z )ds]. (16)

for all t<[0,T].
Our next Theorems characterize the demand functions satisfying conditions
(11)-(14). Before stating the results we introduce the cost fungiighassociated

with a specific family of policies. Specifically, consider the policies,

a(y) = IypEulH(Yp ELyv)-2]"+2) (17)
I{y) = [H(yp&oyyd) - 2] (18)

parametrized by the constant{@,+~) and where z solves,
dz, =a{[H(y p.&uyv)-z]" - 2}dt
The associated cost function is given by,
1Y) = Eob Iy p&ulH(yp Eoyv)-2] +2) + p [HOp Luyv) - Z] }dt. (19)
In particular for the cases in which k{,.yy,) > z at all times we have,
L(y) = H(yp Eoyv) - 26" -a [ H(yp £ yv )ds
and the cost function takes the simpler form,
1) = E[ob{ly p EHYP Eoyyd) + RHOP Loy - P2 €
- apyfoe* “IH(yp £y Jds]at.

With this notation we have,
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Theorem 1: Consider the economy ofieac? and suppose that assumptions 1 and
2 hold. Suppose that equatii®) admits a solutiony,(y)>0, t=[0,T] and consider
the mapy (y) defined in (19) evaluated afy). Suppose also that the equatigy)

= E [Jgb(e+fp)dt] has a solutiory’ >0. Then optimal policie& 1 ;7 ) are,

C =G )= 1Y p&uHY P&y v ))-2] +2) (20)
=107 = [HY p.&y vy ))-z] (21)
n = (0) (0, (22)

whered = {¢; tc[0,T]} is the d-dimensional, square integrable, progressively
measurable process that uniquely represents the martingdlgb,(c;-e +p (1 -
f))dt| %] - E'[[Tb,(c,-& +p (1 -f))dt] The production of services from durabik)

solves,
z(") = e +a [ e OHY p Ly v {y))-z ()] ds. (23)

Optimal wealth iX; = (b)* [[tbJ(€-+pFIds -['b (¢ +p)ds +f G AW ]

Services produced from durables imply an effect of past purchases on current
utility and choices. If, in addition, past acquisitions of durables are irreversible
nonnegativity consumption constraints may become binding since marginal utility is
locally bounded above as a result of past decisions. Since past purchases provide
current services theconomymay reach states in which a reduction in flosv of
services is desired. By making instantaneous adjustment infinitely costly irreversibility
may force temporary excesses of actual status and service levels ((H-z) +z) over their
desired level (H). Stickiness in adjustment, furthermore, is asymmetric: increases in
desired status and services levels are met by instantaneous purchases. The possibility
of future excesses affects both the current demand for durables and perishables. When
the nonnegativity constraint is currently active an excess or deficient demand for the
perishable good is recorded depending on whether the cross partial derivative of the
utility function is positive or negative (sincg | 3su,{u ).

For economies in which tlmenstraint on durable purchases is not operative

we obtain an explicit solution:
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Theorem 2: Consider the economy ofieac? and suppose that assumptions 1 and
2 hold. Define the cost of the status attribute embedded in durablbyg,

N, = p - oE[[Te*® h pds] (24)

and suppose thal, > O for all tc[0,T]. Also suppose that the parameters of the
economy take values such that purchases of the durable are interior at afttimes.

Then, the marginal cost net of future benefits is given in closed form by,

Y= p&iNe (25)
Optimal policies(c ,I ") are,
C, = l(y* ptgnH(y* P:En)? 1) (26)
i=HY p.Ly v - 28 -a [ OHY p LYy )ds (27)
n = () (0) ", (28)

wherey' is a multiplier that satuates the budget constraint (solution to the equation
x(y) = E[[tb(e+ip)dt]) and ¢ = {d,; t[0,T]} is the d-dimensional, square
integrable, adapted process that uniquely represents the martirig§@fg,b,(c, -
e+p (L-f))dt] - E [ b(¢-e+p (| -{))dt] Under the additional condition,

Uy, > 0,

the multigier y and the optimal policies(C ,[') are unique. The associated

production of services from durablesd wealth(z(I),X") are respectively given by,

(1) =2 +e[@*HYpLyvids (29)
Xi= (0" [JobE+pfds /b (C +pl)ds +[ ¢ dW ] (30)

The solution(25) for the processy is computed using the procedure
described in Appendix D. The interpretationyofs intuitive. It represents the
Arrow-Debreu prices adjusted by the marginal cost of status: N &[;e2*c?

A necesary and sufficient condition for theurchases of durables to be

interior at all times is, H(,&,.Y vy) - € -a [} €*t9H(y'p £ vy )ds > 0, for all
te[0,T].
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b, spsds]. Indeed, purchase of one unit of the durable at date t costs p but provides
future services valued aE,[[1e*“®? h pds]. The difference then captures the cost

of the symbolic function of durables. The economic interpretation of N also explains
the need for the assumption N > 0 for a[l0t T]. Indeed, if this cost becomes null
purchases of durables (i.e. purchases of statugffeaively subsidized so that
demands explode. Hence, this condition ensures well-behaved demand functions. The
demand functionf26)-(27)depend on Arrow-Debreu pricés the cost of statug

and finally the current level of services resulting from past purchases of the durable.

When the nonnegivity constraint is inactive the demand for the perishable
good is decreasing irf ydecreasing (increasing) iry ¥f u,, > 0 (u,, < 0) and does not
depend on the level of services z. The denfandurables, on the other hand is
decreasing iny and decreasing (increasing) i iy u,, is positive (negative). Itis
also decreasing in the level of serviéesn past purchases z: a unit increase in z
causes the current demand for the durable to decrease by one unit (Corollary 1 in the
Appendix).

By way ofcontrast when the nonnegativity constraint is active the demand
for the perishable is still decreasing i (out at a lower rate than in the reversibility
case), independent ofyyand increasing (decreasing) in z whep u is positive
(negative). Of course, the demand for the durable is null when the constraint is active.

To conclude this section we assesséffiect of durability on the demand
functions. Set z =0 and consider a class of economies parametrized by the
depreciation rate and identical in all other respects. Note that the economy with two
perishable commodities is obtained for0. Fix Arrow-Debreuand commodity
prices. Restricted to an appropriate range of the paraméterdemand functions
are well defined, continuous witespect tax, with limits the demand functions for
the perishable commodities. tiife two commodities are substitutes (complements) in
the limit economy the demands for therishablecommodity in theneighboring
durable economies, ¢, are lower (higher) than in the Beohomy. Also, if the
second commodity is a normal good in the limit economy the demands | in the
neighboring durable economies will be higher. Hence, small amounts of durability
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may reduce or increase demand functions depending on the nature of the goods under
consideration (Corollary 2 in the Appendix).

4. Equilibrium .

In this section we study equilibrium prices ardations in a pure exchange
economy satisfying thessumptions of section 2. Our next theorem provides explicit
solutions for equilibriunArrow-Debreu priceg, the price of the durable good p, the

rate of interest r and the premium on risky securitiek p-r

Theorem 3: Consider the economy described in sectiand2suppose that
assumptions 1, 2 and 4ldo In equilibrium aggregate consumption of perishables
andpurchases of durable goods arespectivelyg, = € andl, = f. The services

provided by past purchases of the durable commodity are,
z(f) = zy &t +a [} e*91ds, £[0,T], (31)
and the status adived iss = f. Equilibrium Arrow-Debrey&) and commodityp)
prices are,
Ei=piu(a.s+z(M (g .5 +2) (32)
p=ule.s+zM {u(estz() wE[[e®r e, s+z(M)ds]). (33)
Finally, the equilibrium rate of interest and asset premia are respectively given by,
rn=B-ues+zMF {u(e.s+zMeu ®)+y (e.s#z IEn Okt - ()]
+ Y2l (8.3 +Z(M)@ o e+ Upens+z (D)@ o f i Yau fe stz ¢ ) (34)
Horl=-u(e s+z(M) [ (e shz(oe +uy(a.s+z(ofl (35

Equilibrium allocations are supported by the no-trade strateg0; equilibrium

wealth isX; = 0.

Since the perishableommodityserves as the numeraire state prices are
equal to the marginal utility of the perishable evaluated at the equilibrium allocation.
Absent habit formation this marginal utility depends only on current aggregates and
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not on future allocations. Bway of contrast the relative price of the durable
commodity reflects both the symbolic value and the usage value of the durable
commodity. In particular it reflects the intertemporal nonseparabilities implied by the
technology for production of services.

The equilibrium rate of interest is thegative of the expected rate of growth
of the state pricaensity (t = - E[d/E]). Asset risk premia are related to the
covariation between the rate of growth of the state pléresity anchsset rates of
returns (W - A= - (S&)d[S£]).** Implications of formulas (34)-(35) pertaining to
the dynamic behavior of asset risk premia and of the interest rate are pursued in
section 5. To complete this section we state@esentation formuléor the

equilibrium price of a contingent claim in this economy.

Theorem 4: Consider a contingent claim with paeff*(Q,%,P) at a (sure) time
T, whereB is ¥, -measurable. The priogof the claim is given by = E [efﬁdv B],
whereE is the expectation relative to the meastie= éB‘C“véde and& andf, are

respectively given by (32) and (34).

5. Asset risk premia and interest rate

The characterization of equilibrium in section 4 provides an exfifikit
between the endogenous prices and the intatesbn the one hand and the primitives
of the economy on the other hand. In this sectioexaenine the relationship between
endogenous variables and aggregate consumption (subsgdtjeend compare
equilibria across economies with and without durability (subsections 5.2 and 5.3).

5.1 Asset Prices, Interest Rate and Aggregate Consumption
First we note that relationship (34) of Theorem 3 can be written as,

12 Let Xand Y denote two semimartingales. Tlogiadratic) covariation
of X and Y is defined by[X,Y], = X\Y,- [ X, dY -/, Y dX ¢ The quadratic
variation is, [X] = X2- 2[¢X dX
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Fe=Bet Ayle + A0+ A JU,fz(N]-%A 00 -2 g @'rYoh gg's (36)

where the coefficients,, i = 1,..,6, are approjately defined, i, = a(l-z) and 4= 1.
Equation (36)reveals a relationship between the interest rate and the
(instantaneous) moments of the growth ratgseoshable consumption and of the
attributes embedded in the durable. The durable goods affect the interest rate through
the growth rate in status and in the flow of services that it provides. Specifically, the
modelpredicts that the interest rate is positively related to the expected growth in
status and to the growth rate in the services provided by past purchases,when u <0.
Under this condition and cetefgribus, economic periods experiencing positive
growth in the flow of services are associated with a higher equilibrium rate of interest.
Durability, therefore, introduces a dependence on the histgpyrchases, but no
effect on future consumption plans. This stands in contrast with models of habit
formation or models with a single durable commodity in which the interest rate also
depends on possibleture consumption plans (Detemple and Zapa(@é891)).

Summarizing the relationship between consumption and the interest rate,

Proposition 1: The interest rate is:

(i) positively related to the expected growth rate of aggregate consumption of the
perishable good. Itis also negatively (positively) related to the expected growth rate
in status and in the services providedghychases of the durable if the cross partial

u,, is positive (negative),

(i) negatively (positively) related to the variation of the consumption growth rate
of the perishablgood ifu,,, is positive (negative), negatively (positively) related to
the covariation between growth rates of consumption of the perishable good and of
the status associated with purchases of the durablg, i positive (negative) and,
negatively (positively) related to the quadratic variation of the growth rate in status

if u,,, is positive (negative).
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To understand thérsicture of asset risk premia, combine equations (6) and
(35) as,

(W - iD)dt =4, (S} d[S.e] #hy (Sf)"d[S.f]. (37)

This relationship is in the form of a two-beta CAPM where the first factor is aggregate
consumption of the perishable commodity and the second factor status associated with
current purchases of the durable. The weights assigned to each factor are respectively
A = -&[u/y ] the (atemporal) measure of conditional relative risk aversithin
respect tahe perishableommodity andk,, = -f[u,/u ] which is a mixture of the
elasticity of substitution and of the conditionaliative risk aversion with respect to the
attributes of the durableommodity?* Both coefficientare evaluated at aggregate
consumption levels, (e,s:+z(f)). The singkta consumption CAPM of Breeden
(1979) isretrieved if either (iYhe utility function is additivelseparable, or (i) the

asset under consideratioruiscorrelated with stochastic fluctuations in status, or (iii)

the endowment of the durabiiellows a locally deterministiprocess, or (iv) the
durable is a single attributmmmodityproviding services only. Also, a single beta
CAPM relative to a basket of (two) goods can be constructed.

Formula (37) reveals the link between the asset market and economic forces
in the goods market. Under decreasing conditional relative risk aversion, periods of
high consumption of the perishable commodity are associated with lower sensitivity
with respect to the first factor. Ceteparibusthe sensitivity withrespect to the
second factodepends on the behavior of the coefficigpt Note that whei ,, is
positive (i.e. wheny < 0) and (f$) d[S.f] is positive the premium induced by the
status effect associated with purchases of durables is positive. Durability may increase
asset risk premia even when the contribution of the second factor is neggtive (u >0)
since its attributes have an indiretfect on conditionatelative risk aversion (and

3 When preferences atefined over multiple risky commodities the Kihlstrom
and Mirman(1981) measure of risk aversion properly captures attitudes toward
multivariate risks. By restricting preferences to (timeless) uncertain x certain
pairs conditional risk preferences can be defined. The implied atemporal measure of
conditional risk aversion is the standard Arrow-Pratt measure of risk aversion.
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hence on the sensitivity to the first factor). Thus, consideration of the status attribute
of durables in a two good economy may actually help to explain the equity premium
puzzle. The mairproperties of asset risk premia are summarized innthe
proposition.

Proposition 2: Asset risk premia are positively related to the covariation between
asset rates of returns and the rate of growth of aggregate perishable consumption.
They are negatively (positively) related to the covariation between the asset rates of
returns and the rate afrowth of status associated with aggregate purchases of the

durable if the cross partial,, is positive (negative).

5.2 Asset Premia, Interest Rate and Durahility
In this subsection we demonstrate that the presence of a multiattribute
durable goodnay simultaneously increase the size of asset risk premia (for a given
volatility structure) and decrease the level of the interest¥ate. The source of this
result is the combination of the status attribute of the durable and the possibility of
spillover effectsacross goods. We also derive conditions under which the same
conclusions are achieved in economies with a smgléattribute durable commodity.
Consider two economies. The first oBég,e,f), is the general economy of
section 2 with both a multiattribute durabteod and a perishable good and respective
endowment processes e and he second on&(0,e,f) is the (nested) economy with
two perishable goods obtainedd$sttinge = 0. To simplify the comparison between
the two economies we assume that theritdd stock of services is null(z =0). In the
economye(0,e,f) the second commaodity oplsocures transitory felicity. Comparison

* Jtis important to note that we examine the effects of durability on the risk premium corresponding
to a fixed volatility structure. This approach parrallels the procedure followed in calibration exercises
which typically fix the volatilities at observed levels and attempt to match the risk premia implied by
the model with their empirical values. In appendix B we provide explicit solutions for the endogenous
volatilities of the values of the firms producing the endowments e and f. These results show that the
volatility of a given asset (with fixed payoff) changes as the structure @fcitveomy changes. The
impact of durability on equilibrium volatilities could, in principle, be assessed from these formulas.
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of E(e,e,f) andE(0,e,f) is made for a given endowment process (e,f) and for a given
volatility process of the asset under consideration: we are comparing an asset with a
given volatility profile in an economy with a (multiattribute) durable good to an asset
with the same volatilitprofile in an economy in which the durable has been replaced
by a perishable commodity, but otherwise identical.

Before stating the main result of the section we define the measures of
(atemporal) conditional risk aversion associated with the two economies,

4.(0,e,f) = -eu, (g .f)u (e f),
A(e,ef) = -eu,(g,s+z(M)u (e s %z ().

Similarly, other preference coefficients are indexed by the coefficient of durability and
the endowmeniprocesses corresponding to tBeonomyunder consideration,
Ay(e,e,f) anddy(0,e,f), i = 1,...,6. Sufficient conditions for increased risk premia and
lower interest rate in the economy with durability relative to the same economy with

two perishable commodities are,

Proposdtion 3: Consider the two economigg: e,f) andE(0,e,f) The risk premium
corresponding to a given volatility profile is higher in the econ&ifw,e,f) with a

multiattribute durable and a perishable commodity if and only fif,

[Ai(e.ef) -1.(0.e.0)] (Se) d[S.e] +1x(w.e.f) -1,(0,e,N)(SH)"d[S.f} > 0. (38)

The interest rate is lower iB(«,e,f) if and only if,

[A1(e,e.0) -2.(0,8,0)lk + P o(a,e.f) -2 o(0,e,0)]s
+ ha,e,0) (M 12y ) - Vehale &) -24(0,.0]g* dle]
- [As(e.e.f) - A5(0.e.N(af) def] - Y2l o(a.e.f) -1 4(0,e,0]fd[f] < 0. (39)

The interplay among the different factors affecting asset risk premia and the
interest rate is complex. For instance, increasing conditional relative risk aversion
r{a,e,f) and increasing coefficieat(«,e,s) with respect to attributes ardficient
conditionsfor (38) to hold. The same conditions, though, have the opposite effect on
condition (39). However, other components of (39) such as third order derivatives or
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growth of theattributes provided by the durable complement the risk aversion and
elasticity effects and may produce a lower interest rate as well as increased asset risk
premia. The Cobb-Douglas economy of sectiopEo8ides an example in which this

is the case under a simple condition.

The ability to obtain a reduction in the interest rate and an increase in asset
risk premia with durability is tied to the strur of the utility function. Indeed, for the
additive sepeable modelu(c,s)= u(c) + v(s) wefind that 4,(0,e,f) =1, (a,e,f)
whereash,(0,e,f) =4,(«,e,f) =1,(0,e,f) =1 ,(a,e,f) = 0. Hence the single beta
CCAPM holds and asset risk premia areanune to both attributes of durability.
Inspection of (34)lso reveals that the interest rate does not depenrdiorthe
additively separable rael. Only the price of the durable commodity (equation (33))
depends on the service technology parameter,

For purposes of comparison consider now an economy with a single durable
commodity (with twoattributes) andsuppose that the subjective discount rate is
deterministic (to simplify equilibrium formulas). The optimality condition is (setting
p=1),

u(5+z (1) +eE[[Tp € u(s+z())dsk yp £ ;= if 120

so that equilibrium Arrow-Debreu prices implied by the output process B, T}

become,

W(s+z () +eE[[To. £ u(s+zM)ds] =¥ £ (40)
Hence, asset risk premia satisfy the two beta CAPM,
(i - i D)dt = dy (e f) (S d[Sf - e ST d[SM ] (41)
where M = [{Y dW, and the coefficient of the consumption factor,
dulaf) = - (Y p. &) {urdstz (M),
+ aE[[1p, €Uy (842 () (fohe [ Cf du)ds],

depends on contemporaneous, historical and future consumption trajectories. The
second factor represents a hedging prerdiuento stochastic shifts in the drift and the
volatility of the output process. The d-dimensional vector process Y is defined by,
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Y= P& Bl Tos €7 ta(s+2 (1) {{ 1D (H(v)-Yo0 (v)o (v))dv +
[Deo (AW, ] + e [ [[ Dy (v)-Ya0,(v) 0, (v) )V + [{Dy o (v)dW, ]du} ds],

whereDy(v) andD, o,(V) represent the (d-dimensional) Malliavin derivatives of the
coefficients 1 and; (see, for instance, Detemple and Zapatero (1991, Appentix)).
The equilibrium rate of interest on the other hand is given by,

rdt =Bdt + ¢y NSkt e ) +2 (OF dt - %y N Zd[f] - aZgt.

where dy(af) = -(Y p&d)* (3+z()us (s +2 (),
Pae,f) = (Y p &)™ (fr)2U111(3t+Zt(f))
Z = (p&) {(a+B) E[[Tps € u(s+z(f)ds] - y (s+z ()}

First we note that asset risk premia and the rate of interest inherit a
dependence on future consumption trajectories. This follows since thegiingle
model fails to endogeneize thece of the durableommodity. Second, when the
second commaodity fails forovide services (or other types of intertemporal benefits),
i.e. whene =0, z =0, we retrieve the standard, single beta CCAPM and interest rate

formulas,

(K - i1)dt =6,(0,f) ()" d[S.f}
and, i dt =B dt + ¢,,(0,f)idt - ¥b5(0,) f7d[f],
whered,(0,f) = -fu,,(F)/u(f) andd ,(0,f) = (F)?u,.{fYu {f). Hence, multiattribute
durability increasessaet risk premia and reduces the rate of interest if and only if the

conditions,

[1(e.f) - 6:(0.DI(SH)'d[S.f; - «Sd[S,M} > 0,
[daf 0 D)(SHst 1 )(§ +2 (D) 01(0.Huddt - Yo[do(a.f) - d(0.0]f 4[] - «Zdt <O.

15 We supposthat the processes gnd o, aresufficiently smooth fortheir
Malliavin derivatives to exist (Ocorsnd Karatzas (1991)). The Malliavin derivative
Dyx(s) captures the effect of a perturbation in the realization of the Brownian Motion
W at time t on the coefficient p (s) at time s. Note that for deterministic coefficients
D, (s) = 0 since new information at date t (realization of W) doeaffaat our
(perfect) knowledge of; 1 (s).
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are simultaneously satisfied. These conditions are the counterpart of (38)-(39) in the
two good model.

To conclude the analysis in this section consider the single good (nested)
model in which the durable commodity has only one attribute, services. In this case
durable purchasesffect only future utilities, u(s +z (f)) = u¢z (f)) (Hindy-Huang
utilities). Equilibrium Arrow-Debreu prices at#,

aB[[Tp. € u(zM)ds] =yp £,

so that asset risk premia become,

(W - fiD)dt =4, (e f) (S d[Sf - S d[S,M].
where,
MY = [V AW,
P f) = - (P &) aBE[[Tpo €Y un(z (M) a(f & du)ds]},

Vi= ¢ p)" ElfTps €% s (z () e[ (H{V)-Yo (V)o (v))dv
+ [{Do(v)dW, ]du)ds],

and the interest rate equals,
r,= B, - «H,.

with, H= (a+B)/o - (Y p&)" w(z(f).

For this specification of preferences note that the coefficients of the CCAPM and of
the interest rate process depexdlusively on the trajectories of future services,
{z{f): s>t}. In particular, the interest rate does not depend directly on the moments
of consumption growth. For this model it is difficult to compare the economies with
and without the durable sinttee models are not nested. The effect of a change in the
technology for production of services (parametgrhowever, can be assessed.

% In production economies witendogenous consumption asset prices and the interest rate

generally inherit the singular components of the optimal consumption policy (see Hintjuand
(1993)).
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5.3 The Cobb-Douglas Economy

We now provide more explicit results for the economy with Cobb-Douglas
utility function, i.e. u(g¢,s+z) =c (s+£) ;#40,1), B=(0,1) and 1-A-B>0. For this
preference specification demand functions become,

Proposition 4: Consider the Cobb-Douglas economy. Under the assumptions of

Theorem 2 the demand functions are given by,

G = [(P £ AN BALY)]HEAD (42)
= [(p &) AN BP9 - 2. (43)

The associated services from past purchases of the durable are,
z = zﬂezm +a (y*)-ll(l-A-B) J'toe-sz(t-s)[(p Sg S)-1A/A1\IAS-1 Bl—/xj 1/(1-A-Bds
wherey’ is the Lagrange multiplier solving the budget constraint (14),
y* = x(1-AB) {E [JT)b[(Ptg t)-l/(l-A-B)AAI(l-A-B)(N !B)-Bl(l-A-B) (A+B))dt]} 1-A-B

Herex = E[[b(g+ip)dt] + E [Lbp,z, & dt]represents the datOmarket value of
all the resources of the consumer including the value of the initial stock of the
durable good, = p, - « E;[[Te2*®Y (/) ds]s the cost of status.

As in Theorem 2 we assume that the parameters oédbeomy are
restricted so that purchases of the durable good are interior at all times. A necessary
and sufficient condition for this is,

[( ptgt)_l(Nt)A'l] U(A-AB) 5
z,e*t (y YEAB [AABY AR 4 g [Le2E9[(p £ )N YA VEABYs

This condition imposes restrictions on the structure of the economy, in particular on
the commodity price process.

For Cobb-Douglas utility we alsemark that the cross-partial derivativig u
is positive. It follows that the demand functions are decreasing in bathdyyy .
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Comparison of equilibrium prices across economies yields in this case,

Propodtion 5: Introduction of a multiattribute durable good in the Cobb-Douglas
economy increases asset risk premia. The interest rate at date t also decreases
(relative to the economwith perishable commodities) if and onlytlife rate of

growth of the services provided by past durable purch@=@)/z (f)) exceeds the
expected rate of growth of the status attribute associafthdcurrent durable

purchasegy.

With Cobb-Douglas utilityA,(«,e,f) =1,(0,e,f) = 1-A and\ ,(a,e,f) =
-B(f{(s+z(f)) > -B =1,(0,e,f). It follows that assets which are positively correlated
with aggregate purchases of the durable have higher risk premium when durability is
present with a status component (see equation (38)).

At times when the rate of growth of servidesm past durable purchases
exceeds the expected rate of growth of status production from current purchases,

a(f-z)lz, > Y (44)

condition (39) is also satisfied ensuring a lower interest rate for the economy with the
durable commodity.

This example shows that multiattribute durability may produce higher risk
premia combined with lower rate of interest in economic periods in which conditions
such as (44hold. These implications are desirable sithey mayhelp to resolve
discrepancies between theoretical models and empirical regularities. We reemphasize
the fact that &ey element behind these results is the possibility of spilleffects
between the durable and perishable commodities (nonseparability ofilitye
function).

6. An extension of the model

The model can be extended to more general preferences defined over
attributes. Consider the following preference-attributes structure,

30



Assumption 5: Preferences have the representation,

U(c.s.2)= E[fo(p)"u(c.s.2)ldt (45)

wherep =expl[js8,dv], B is a boundedy,-progressively measurable process,:,’)
is the instantaneous utility functiogs the status level argirepresents services.
The utility functionu(,): [0s)%- (-=, =), is twice continuously differentiable, strictly
increasing, strictly concaweith respect teach argument and concave(ms,z)
It has the limiting valuebm,,qu,(c,s,z) ==, limyou,(C,S,z) ==, lim,qu,(c,s,2) =-,

lim,,.u,(c,s,2) =0, lim,, w(c,s,2) =0, lim ;u (c,s,2) =0.

The utility functional (45) allows for imperfestibstitutability between status
and services. Attributes are related to purchases of the durable as follows,

Assumption 6: The technology for production of services is,
z, =z e +o[g"™ds, z-0; t<[0,T] (46)

where o and z, are nonnegative constants ahd0, represents purchases of the
durable commodity at timsg, $[0,t). Initial servicesz, are produced from an
inherited stock of the durable; captures the relative weight of padtirable

purchases in the production of current services.

Assumption 7: Status is given by,
s =9(.%), (47)
wherex captures intertemporal effects in status creation. The variabdisfies,
X = %€ +8 [{e*t9ds, X% 0; t=[0,T] (48)

wheres is a depreciation factor anx, represents the contribution of the inherited
stock of the durable. The status production funagiep): [0;)% (-=,=), is twice

continuously differentiable, strictly increasing in eaglgumentstrictly concave
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with respect to each argument and concavgx). Denoting the partial derivatives

of g(I,x) by g (I,x), i=1,2 we assumbém,, g,(I,x) = .

The status production function (47)-(48) is quite general. This formulation
allows for persistence in theymbolic function performed by thdurable. The
marginal product at date v of a purchase of the durable at date t, v>t, equals
g.(l,,x,)8e*™Y The strength of this effect is controlled by the weighing paraeter
and by the size of the derivative g . The model of secfebsvith transitory and
linear status effects is obtained by setting g =1 and g =0. The formulation (47) also
enables us to model decreasing returns to scale in status.

Suppose that the other components ofébenomy (endowmentssset
structure, etc,...) are as in section 2.

The demand functions corresponding to this preference structure are
analyzed inAppendix C. In particular we show that conditions on the exogenous
parameters and processes of the economy which are similar to the condition N >0 in
Theorem 2 ensure that the demands are well behaved (see Theorems 9 and 10). For

this model of preferences and attributes equilibrium is,

Theorem 5: Consider the economy describesation 2 with Assumptions 5, 6 and

7. Also suppose that,
A= (g s,z [u(eszMectudeszMaEx)pd (49

satisfies the condition,
Eexp[(1/2) 5] A%dt] <. (50)

In equilibrium aggregate consumption of perishable and purchases of durable

goods are, respectivelg, = ¢ andl, = f,. The status achieved is,

s = 9(f.x (), (51)
where,
x,(f) = %€ +8 [ e*®9fds, £[0,T]. (52)
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Services provided by past purchases of the durable commodity are,
z(f) = € +a[; eIids, £[0,T], (53)

Equilibrium Arrow-Debreu£) and commodityp) prices are equal to,

g =prw(e.s. 20N (6.5 2) (54)
p=u(es.z® {uesz®gfx®) «E[[Tp £ use,s,z(0))g(x{))ds]
+3E[[T ps € us(e,5 2 ()ds]}. (55)

Finally, the equilibrium rate of interest and asset premia are respectively given by,

re=Be- U (U (t) + Uy [g i )+ (Fx ()] + u e (F-z ()]
+Y5U,,80 0 B+ U;1,0:89 ¢ 'f i Y2U 1,40 Ffq g F}, (56)

He-rl=-u'lu0 €0, +u9ofod, (57)

where the derivatives of the utility function appearing in (56), (57) are evaluated at
(e,5,2(H)) and the derivatives of the status function are evaluatedf.x(f)).
Equilibrium allocations are supported by the no-trade strateg0; equilibrium
wealth isX} = 0.

Condition (50) ensures that the equivalent martingale measure is well defined
in equilibrium. The relationships (54)-(57) characterize the structure of equilibrium
for the general preference-attribute model of assumpters As insection 5
comparisons of equilibria acroséfeient economies can be performed. In particular,
conditions similar to (38), (39) will identify time periods in which the interest rate is
reduced while asset risk premia are increased when a multiattribute durable good is
available in place of a perishable commodity.
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Appendix A: proofs.

This appendix provides the proofs for the results in the body of the paper.

Theorem 6: The policfc,l) is optimal for thestatic problem ifand only if(c,l,y)

satisfies,
U (G.h+z) =& (A1)
Uy (G h+z) +aE[[p £V (c I ¢z ds] yp § Ry = if I>0, (A.2)
20, |20, t=[0,T]; y>0, (A.3)
E'[[ob(c+kp)dt] < E [[Hb,(e+;p)dt]. (A.4)

Proof of Theorem:6

(i) necessity: the utility gradient implied by theeference structurél)-(2) has
components given by the left hasiles of (A.1)and (A.2) (see Detemple and
Zapatero (1992) and Duffie and Skiadas (1992)). The conditions (A.1)-(A.4) are then
standard Karush-Kuhn-Tucker conditions (Saddle Point Theorem).

(i) sufficiency: consider an alternative budget feasible policyqc ,| ). Defining the
process h (Bl+z,(l) we have by concavity of the utility function,

u(c.h ()= u@.h () +y (€.hM)e-¢) +u (c.h(0) th()-(hl)).

Multiplying both sides by and integrating over the product measure dPxdt yields,

ElJepiu(c.h()dt]> Efgpiu(cth(19)+u,(c.h )(G-¢)
+ L (c,h ())(h ()-(h (P))]dt (A-5)

It is enough to show that the sum of the last two terms on the right hand side of the
inequality above is nonnegative. Singdz,(19 = «[e“*9(l-19ds we have,

Ef5 pius(cuh (D) [h()-(h(°)]dt
= Efg piup(cuh () [Ie1 + e[ g (Is19ds]dt
= E[[5 piuy(ch (1) (-19)dt] + E[f 5/ ¢ pudc h D) ee(I+°)dsdt]
=Efg (119 [ptuy(cuh (D) +a 7 psufcshyl))e = ds] dt
> Ef§ (I-19 y&p, dt. (A.6)
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The inequality in the last step of (A.6) follows since (A.1)-(A.3) implies,

I piuy(Cok+z) +eEf[Tpae ®uy(c lstz)ds]] = hE P

while admissibility of (& ) in combination with (A.2) implies,

AT ptu(ch+z) +aE[[ {pre®lu, (e, l+z)ds]]> -IYEp

Hence, substituting (A.1) and (A.6) in (A.5) yields,

E[J5 pru(c.h (1) dt]=> E[[o pru(ct,h(?)dt] +y B [(crcd+(-ADpdEdt.

By the budget constraint (A.4nd the condition y>0 thast term is nonnegative.
Optimality of (c,I) follows#

Proof of Theorem:1We assume th#l6) has a solutio’ The demand functions
stated in the theorem are then obtained by construsstion.

Proof of Theorem:2The solution (25) to the recursive equation is computed using
the procedure outlined in appendix C and passing to the Q-measure. To prove the
theorem we show (i) existence 6f y >0, (ii) uniqueness$ of y and (iii) admissibility of
the policies (¢’ ).

(i) Existence of y: Since the inverse margiaglity 1(.,s): [0;)-[0,~) satisfies
u(I(yp€,s),s) =pE wehavel =) and| =-@ 4 ). Assumption 1 then implies
that I¢ ;) is continuously differentiab&nd strictly decreasing in its first argument with
limiting values 1(0 ,s) = + and I¢-,s) = 0O, for all s%*. The inverse function H(, ):
[0,<)X[0,~)-[0,2) is also continuously differentiable and satisfies
U, (Ilyp &, H(ypE.yv)),H(YE yY)) = yy. It has limiting values @ H(0",0") <« and
H(=,<) = 0 (assumption 1 (ii)-(iii)); alsoH(=,<)) = 0 (assumption 1 (iv)).

17 Conditions for existence of a solution to this nonlimeaursive equation
involve functional Lipschitz and integrability conditions on the integrand which
appears on the right hand side(b6) (Detemple and Zapate(d992), Antonelli
(1993)).
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Hence the map(y) is continuous and satisfies,

1 (=) = limy,.x(y) = -E [[tbzope" dt] < 0.
x(07) = limy g (y) = +-=.

The existence of 'y >0 such thgly’) = 0 follows.

(i) Unigueness of'y : Note thg(y) can be rewritten as follows,

x) = Ef5 b [Iyp EuHYPEYY)) - P2€ +HOp Eoyy)
{p.- a1e*(/h)p ds}ldt.
=E[5 b [Iyp £ HYPEYYY) - RZE™ + H(p E,yy )N ]dt.

where N= p, - « E;[[Te?*®(l/h)p ds] is positive by assumption.
Using the definition of H and differentiating leads to,

Uy(IHI H) +uH,=0
Uyl H,+ Uy H, =1,

sothatH =-(u /y )y, -(y,? /v, (ambiguous sign depending on -sgn(u )) and
H, = [Uy-(U, P/u, ' < 0. Hence, HiyE yy ) is decreasing inyif y > 0. Also
l(yp & HlypEyy))oy = [IHIH] p £, + I Hy  has negative sign if u> 0. It
follows that under the conditions of the Theorem the gigpis strictly decreasing

in y and the fixed point’y is unique.

(iii) Admissibility of (c',['): Theprocesses c(y and I(y ) are nonnegative and
progressively measurable. The budget constraint (A.4) is satisfied by construction.
This completes the proof of Theorens?2.

Corollary 1: Suppose that thechand for the durable good is interi@®0). Then,
the demand fothe perishable good is decreasingyiiy decreasing (increasing) in
yy if u, > 0 (u, < 0)and independent af The demand fothe durable is
decreasing iryy and decreasing (increasing) ¥ if u,, is positive (negative); it is

also decreasing in the level of services from past purclases
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Proof of Corollary 1 We havegc,/o(y p,) = (I, + LH)p < 0,0 olyy) = IHY <
0 (>0) ifand onlyif} >0 (<0). Alsagli/o(y p) = Hp, <0 (>0)ifandonly if H <0
(>0) andali/a(y' v, = H, < 0%

Corollary 2: Consider the economith twoperishable commoditigge. o = 0,
z,=0). If the twocommodities are substitutes (complements) thenld¢hgandc
decreases (increases) when durability is introduced locally irighborhood of
o = 0) in the economy. If the second comityod a normal good local introduction

of durability increases the demalidor the second commodity.

Proof of Corollary 2 In a neighborhood af=0 we havegy /oo = - (p,£)E,[[Te**®

%, psds]. Substitutability (complementarity) impligs/oy >0 (<0) in the economy
with ¢=0. The result follows since demand functians continuous i over the
appropriate range, in particular in neighborhoode=<0 ¢

Proof of Theorem 3 At equilibrium the representative agent consumes his
endowments:ic =,@nd| =f. The index z(f) is thamiquely defined by
(31). Equilibrium Arrow-Debreu prices and the price of the durable
commodity are obtained bgubstituting allocations in the optimality
conditions (11)-(12).

To compute asset risk premia apply Ito's lemma to both sides of (32).
The derivative of the left hand side is,

dg; = -Eir.dt - £,0dW,

while the derivative of the right hand side equals,

v p)'[-Bdt + u, dg +Y2u, @ o e dt+u,, 89 ¢ 'fdt + 22U ,fq q fdt +
u;,dh(f)]
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where all derivatives are evaluated at the equilibrium allocations e and h(f) =

f+z(f). Substituting the processes specified in assumption 4 and equating

terms in dt on the one hand and terms in dW on the other hand yields formulas
(34) and (35p
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Appendix B: the valuation of productive assets

This appendix complements sectioAss by providing valuation
formulas for the two productitechnologies which generate, respectively, the
flows e and f of the perishable and durable goods. These prices represent the
values of the firms (or of their equity under all equity financing) producing the
two commodities. Particular care is taken to endogeneize the volatility
coefficients of these values.

Let V, and \, denote the respective market values of the two firms.
To simplify notation we write;u (t) and u (1), i,j = 1,2, for the first and second
partial derivatives evaluated of the utility function evaluated,af (g ,s +z (f)).

Our next Theorem describes the structure of the firms' values.

Theorem 7: Consider treconomy described in section 2 and suppose that
assumptions 1, 2 and 4 hold. The valugb®fiirms are, respectively, given
by,
Vlt = E*t[.[-l;bt,sesds] (Bl)
V= El[[1bpf 9831, (B.2)
whereE" is the expectation relative to the measd@= (b,)*£;dPand&;

and r, are respectively given by (32) and (34). The volatility coefficients

associated with these values are,

V504,= Uy (17 [ E{DF] - V,[u,{Depo Fu ft)f g ]] (B.3)
V0,5 = ul(t)l [ (E[DGI+E(D|J]-H E[DJ])
- Vyu(heo gtu (Do ]] (B.4)

where,
DiF = [Tpi{ui(v)e, (/DB du) + (u, (V)& +y (VP e,
+U,(V)e, 08, Dz (f)ldv. (B.5)

39



DG =[{pi[u(f-[DB du) + U, (VP £, + U, (VIO 84D Z (1))

+ U, (V)Df Jdv (B.6)

Dy = [{p;'€*[U(V)H,(-[ D [du) + ; (V)HD £, + U, (V)H,O 54D 2 (f))
+ u,(v)DH,]dv (B.7)
H, = [fee™fdv,DH = [See®'(Df)dv (B.8)

DJ =[{pye”[L(v)(-]DB du) + U (VD £, + U (V)D §,D Z (M)]dv (B.9)
and,

Dig, = € [Di(He(u)-Yo {u)o u))du +[*D g (U)dW ,+0 (1)] (B.10)

Dif, = fL[ID((u)-Ya (U)o, (u))du +[{D o (U)dW, +o(t)] (B.11)

Dz,(f) =« ! e Dfds (B.12)

In (B.3)-(B.12)D, represents the Malliavin derivative operator.

Formulas (B.3)-(B.4) are closed form solutions for the volatilities of
the values of the firms. These volatilities depend (i) on the contemporaneous
volatilities o(t) and o(t) of the endowmenprocesses and (ii) on the
sensitivities of the future coefficients of theodel toperturbations in the
current Brownian motion process,W (the terms involving the Malliavin
derivatives in (B.10)-(B.11)).

Proof of Theorem :7 Using the definition of the equivalent martingale

measure we can write,
Vi =E[[ibeds]=€)'E[['Eeds] = €)'[EL/'E eds] -['§ ads].

Substituting the equilibrium state price density (32), defining
F = [tpiuy(s)eds and applying the Clark-Ocone formyields (B.3).

Similarly,

Vo= Bl b pdds] = €Y'E[["E p tds].
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Substituting the equilibrium values (32)-(33) leads to,

El/TEPSds] = E[Tu {0)*pHu ¢s) + « E [[ ¢7<Pu"u (v)dv]}f 1ds]
= (0" B[ {[psuLs)fs+aE [ "o g u{v)dv]flds]
= (0" B[ {[psuys)fs+af § o g u {v)dv]ds]
= (0 {E[[Tpsuxs)fds] + E[ Taf ([ "o g u{v)dv)ds]}
= w (0! {E[J {psu(s)fds] + E[ ‘psu {s)e™ ( uf g*'dv)ds]}
= U (0){E[G] - [opsuLs)fds + E[I] - ‘p U fs)e** Hds - H[E[J]
- [opsus)e ds]},

where G= [jpluy(s)fds, I= [ piu {s)e” Hds, Hs [ %fg“dv and
J= [jplufs)eds. To obtain (B.4) we apply the Clark-Ocone formula to this
last expressios.

When the subjective discount rate and the coefficients of the
endownentprocesses are deterministic the volatility formulas (B.3)-(B.4)

simplify substantially.

Corollary 3: In the economy akction 2 with deterministic coefficients the
equilibrium volatilities of the values of the firms are,
V0= (O [p Fut,T) - Vius(el o+ u () [p F £.T)
- Viu(Ofo; (B.13)
V50,5= W (1 [p (G4t T)+1,(LT)-HJI, (1. T)) - Voun(Ded .
+ U () [P Go(t, T)+1y(t, T)-H I, (t,T)) - Vo (Do (B.14)

where,
Fi(tT) = Eff ey (un(v)e,+u (v))g dv] (B.15)
Fo(1T) = Elf Tpyui(v)e (s +K,)dv] (B.16)
K= Ve eV Of du (B.17)
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Gi(t,T) = B[ Tpyus(v)fe,av] (B.18)

G,(t.T) = El[Tpi{uAVv)(s,+K:y) + W (V)]F,AV] (B.19)

1(tT) = E[[tpye" Wy (V)H,g dV] (B.20)

1(6T) = El[Tpve™ [u(MH(S+K,) + b ()L, Jdv]  (B.21)

L, = [lee“sfds (B.22)

JL(tT) = El[ipve” (V) dv] (B.23)

and, L(tT)= Bl Tpve” W, (v)(s +K,)dV] (B.24)

When the opportunity set is deterministic the volatilities of the values
of the firms can be expressed solely in terms of the contemporaneous
volatilities of the endowments processes. Form(Bad3)-(B.24)can be
further simplified by considering parametric forms of utility functions. The
results of Theorem 7 and Corollary 3 can also be used to complement section
5.2 and compare the equilibrium volatilities of the firm values across
economies with and without durability.

Proof of Corollary 3 In the economy with deterministic coefficients we have
D, = godt), Df, = fio(t) and Dz,(f) = «([ie"“fdsp (t) = Ko (D).
Substituting in the relevant expressions and collecting terms leads to (B.13)
and (B.14)s
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Appendix C: demand functions for general preferences over attributes

In this appendix we provide some insiglabout the optimal
consumption policies for the general model of durability of section 6. For the
sake of clarity we focus on the case g(l,x) = g(Wvhich statusdepreciates
infinitely quickly; the general case of persistencetatuscan be handled
along thesame lines with appropriate adjustments. Essentially we show that
a construction similar to that of section 3, allsgitnewhat more complex,
leads to the optimal policies.

Ouir first Theorem provides a characterization of the optimal policies,

Theorem 8: Consider the economy of section 6 and supjmage
assumptions 5, 6 and 7 hold wifi,x) = g(I). The policy(c,l) is optimal for

the static problem if and only (£,l,y) satisfies,

ul(Ctag(lt)aZ) = )ptgm tE[OaT]’ (Cl)

9'()u(c.9().2) +eEff Tps £ us(c.9(1).2)ds] = p £ p (1[0, T], (C.2)
¢>0, >0, t¢[0,T]; y>0, (C.3)

E'[Jobi(GHhp)dt] < E [[oby(e+p)at]. (C.4)

Proof of Theorem:8

(i) necessity: the utility gradient ifipd by the preference structure (45)-(47)
has components given by the left hand sideg®1) and (C.2). The
conditions (C.}-(C.4)are standard Kuhn-Tucker conditions. Note that (C.2)
holds as an equality since the function W(cs,2)()u,(c,9(l),z) is continuous,
strictly decreasing with respect to | arfias the limiting values
lim,. . W(c,l,z) = 0 and lim, W(c,|,z) =.

(i) sufficiency: consider an alternative budget feasible poli¢y°(c ,I).

Concavity of the utility function and of the status production function imply,
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u(G.9(1).3)= u(@.9®).%) + 4 (¢.90).2)c &) +u (c.g(xz)d ()
+15(6.9(1).2)(-2).
Multiplying both sides by! and integrating over the product measure dPxdt
yields,
E[[spiu(c.g(t).z)dtl> Efspiu(ct,o(l)).z0)+u (¢.90).2)(€-¢)
+(c.9().2)9'O)0-P)+u (6.9d).2)(Z -2 )ldt (C.5)

Consider the lagivo terms on the right hand side of the inequality above.
Using z-2 =« [ie*®® (I-19ds and proceeding as in the proof of Theorem 6

leads to,

EJspius(c.9(h).2)g' ) (-1)+us(c.9(1).2)(z -2 )ldt
Ello (19y &, dt]. (C.6)

Substituting (C.1) and (C.6) in (C.5) now yields,
E[ls piu(c.g(t).z) dtl= E[[¢ o u(e,9(F).2)dt]
+y Efg [(C)+(-HD)pJE dt.

The budget constraint (C.4) and the condition y>0 imply that the last term is
nonnegative. Optimality of (c,l) follows.

To construct the optimal policies we proceed as follows.

Define the map IR xR xR* - R* as the solution to the equation,

u;(1(y,9,2),9.2) =,

where y>0. Notethat | exists, isunique and has the limiting values
lim,.I(y,9,2) = 0 and ling,, I(y,9,2) ==. The strictconcavity of the utility
function also implies that | >0.

Define now the map VR XRXR-R" as,
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V(Ly.z) = g'(Du,(I(y.9(1).2).9.2(1)).
It is easy to verify that V is strictly decreasing in its first argument and has the
limiting values lim V(l,y,z) =« and lim,.V(l,y,z) = 0. Fory>0 let H:
RXR XK R* denote the solution to,
V(H(y.y.2),y.2) =v.
The function H exists and is unique. It is also striddgreasing iits first
argument with lim,, H¢,y,z) ==~ and lim,... Hf,y,z) = 0.
Equation (C.1) now yields, ¢ = Ify&,,g(l),z). Substituting in (C.2)
and defining the process,

Yo = V(lbypi€nz),

produces the following simultaneous system of equations for the progesses
and z,

Y= yppd - e B[ {ps €Y flyoyp £ i2)ds]; €[0,T],  (C.7)
2, = 726" +o [ H(yyp & 4z )ds, 25 0; t<[0,T]. (C.8)

where

f(vsyp£sz9 = udllyp & G(H(Y yp §.2))2)9(HEy o £52))sZ).

The system (C.7)-(C.8) is a system of forward-backward integral equations
similar to the oneshat are studied iDetemple and Zapated992) and
Antonelli (1993). Aunique solution to this systeexists provided that the
functionals f and H satisfy appropriate Lipschitz, Growth and integrability
conditions. To proceed with the construction we assume the existence of a
solutiony(y) which is a process taking valuesith. Our candidate policies

for consumption and durable purchases become,

a(y) = (yp&ud(HY(Y),Yp€uz(¥)),Z () = Iy iY).yp:€iZ2(¥)), (C.9)
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l(y) = H(v4(Y),yp:&uZ(Y))- (C.10)

Now define the map,

1) = ETob v y).yp&uz(y)) + RHE () yp Loz (y))dt, (C.11)

and consider the equation (in y),
x(y) = E [[ob(e+ip)dt]. (C.12)

Suppose that (C.12) admits a solution y . Substituting into equations (C.9)
and (C.10)yields the optimalstrategies for consumption and durable
purchases.

The analog of Theorem 1 for the general model of Appendix C is,

Theorem 9: Consider the economy of section 6 and Appendix C. Suppose
that assumptions 5, 6 and 7 hold wifi,x) = g(l). Also assume that the
system of equations (C.7), (C.8) 4@d12) admits a solutiorfy’,y",Z ) with

v>0.!® Then optimal policie&’,l ,n") are,

C: =G ()7 )= J@*tay pt&tait) (C.13)
I: = It(y*) = H(Y*ty pt&tait) (C.14)
my = () (0) "y, (C.15)

whered = {¢,; te[0,T]} is the d-dimensional, square integrable, adapted
process that uniquely represents the martingg]€}ob,(c,-e +p (1 -{))dt] -
E'[[th(C-e+p (1 -f))dt] Optimal wealth isX, = (b) [[b(és+pfIds -
[ibdCerpd )ds +'d AW

¥ Note that weonly need the existence of a solution(®.7)-(C.8) at the
point y . Hence requiring the existence of a solutio(Ct@), (C.8)and(C.12) is
weaker than treating (C.7)-(C.8) in isolation.
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Remark 1: Suppose that the conditions of Theorem 9 are satisfied. Define

the process,

N = p - (Y p&) e El[Tps €0 f(y Sy p & Z )ds], (C.16)

for t<[0,T] and note thaN>0 under the assmptions of the Theorem. As for
Theorem 2N represents the mginal cost of the status attribute embedded

in durables and we can writg, = v,(y) =Y p.&N,. The difference with the
results contained in Theorem 2 is that in the economy with nonlinear
production function for statugd\ cannot be stated in terms of exogenous
processes only: as (C.16) clearly reveals it depends on the endogenous
processesy’, v and Z. Due to thenonlinear form of this model of
durability a simple closed form solution does not exist, at least not in the
generality of the model analyzed. The absence of a closed&bution

also implies that it is not agtraightforward to exhibit simple conditions on

the exogenous parameters and processes (as condition (24) in Theorem 2)

under which the solutiop” is strictly positive

To complete the analysis we provide a set of sufficient conditions
under which thesolutiony(y) to (C.7)-(C.8), if it exists, is strictly positive.

Define the process k p.&.p, and for y>0 consider the equation,
dz =a[H(yk.yp:&20)-Z]dt, 3 >0; t[0,T]. (C.17)

If we assume that the function H satisfies Lipschitz and Growth conditions
with respect to z for:zz,e*", then (C.17) has a unique solutich, z (y). Also,

for y>0 define the process,

L{Y) = Yk - «E[[{ps € f(ykoyp £ :2°)ds], €[0,T].  (C.18)

With this notation we have,
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Theorem 10: Consider the economy of section 6 and Appendix C, and
suppose that assumptions 5, 6 and 7 hold g{ltk) = g(l). Suppose that the

conditions,

f(v,y,z) is nondecreasing in its first argument, (C.19)
there exists y >0 such that L (y) > 0 for y>»y andjJim, L(yy~= (C.20)

hold, wherel (y) is defined in equation (C.18). Then,

ki = vi(y) = Ly) > O for all y>y, (C.21)
and lim,;.y,(y) = . (C.22)

Assumption (C.20), in particular tlendition L, (y)>0, plays a role
similar to the condition N>0 in Theorem 2. It ensutest thedemand
functions are well-behaved and do not explode. In the general model this "no
singularity" condition has anore complexstructure since it involves the
nonlinear function f and the multiplier y. As in the linear model of section 3
it represents a restriction on the set of "admissible" exogenous processes of the

economy.

Proof of Theorem 10 Let y>0 be given. Sinde0 by assumption 5 any
solution to (C.7)-(C.8) must satisfy,

YY) < YK
Since H is decreasing in its first argument it follows that,

H(v«(y).yp:&12) > H(YK.Yp&1,Z)-

By the comparison Theorem for solutions of stochastic differential equations
(Karatzas and Shreve (1988, p. 293)), we then have,

z(y) = Z(y),
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where 2 (y) solves (C.17). Using first the fact that the function f is decreasing

in its last argument and condition (C.19) of the Theorem we obtain,

f(viy),yp:&nz) > f(vi(y).yp:&uZi () > -f(YKuy pi€uZi(Y)).

Substituting this inequality in the right hand side of the recursive equation
(C.7) and recalling the definition of the process L (y) in (C.18) yields the lower
bound,

YY) = Ly),

which is positive by (C.20) for y>y. Also, using(C.20)
limy,_y,(y) = limy, L(y) = >.4

Remark 2: To obtain the existence of the multipfieratisfying equation
(C.12) it suffices to assume that the range of the dafy).yp.&.,z(y)) +
PH(Y(Y).yp:énz(y)) is (O~). This ensures the existence yoffor all
xe(0p). However, if weansider a @ven level of initial wealttx>0 we only
need the weaker conditidhat x belongs to the range gfy). Notealso
that the condition (C.20) of Theorem 10 is too strong: the condition

L(y) > 0 need only hold at the poigt.

To conclude weexhibit an examplevhich satisfies several of the
conditions of Theorem 10.

Example 1 Consider the economy with preferences,

u(c,l,z)= Log(c) + Log(a(l)) + v(2)

where the function v is strictly increasing and concave with Jim v'(z) =0 and

lim,,ov'(z) =~. Also suppose that the status production function is,
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g() = @m)I", ne(0,1).

For this economy the recursive system (C.7)-(C.8) becomes,

Yo = YRP:& - o B Ips,te_a(s_t) V'(z)ds]; £[0,T],
2, =2 €" +o[ie*™(n/y)ds, £[0,T],

where the function H{(y,z) = n/y is independent of z and therefore
automatically satisfies Lipschitz and Growth conditiovi#h respect to z.

Since ffy,y,z) = Vv'(z), condition(C.19) holds. It iseasy to verifythat
YY) = Ly) with Li(y) given by,

L{Y) = Yk - «E[[{ps €V (2067 +o [ ¢V (n/yk Jdv)ds].

The condition I{y) > 0 for y>y, in(C.20) isthen a restriction on the set of
processes (lp,), utility functions v ancparameterso(,z,,) characterizing the
economy. Straightforward computations shawat thelimit condition in
(C.20) holds. For this example we also havey,J).yp.&nz(y)) +
PHY).YPEuz(Y) = OPEd™ + An(vi(y))™ Since the procesg(y) is
continuous with respect to y with ljmy,(y)=~ and sincey,(y) can get

arbitrarily close to zero for y sufficientlpw equation (C.12) has a solution

y.
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Appendix D: linear recursive integral equations: a solution procedure

This appendix outlines a simpieethodology to solve alass of
recursive integral equations with linear or functional linear integrand and
semimartingale driving term. Lineaquations of this type appearanset
pricing models withhabit forming utilities (Detemple and Zapatgfi®91,
1992)). Nonlinear backward and backward-forward integral equations also
arise in models with recursive preferences (Duffie and Epstein (1992), Duffie
and Lions (1993), Duffie and Skiadas (1992), Duffie, Geoffard and Skiadas
(1992)). Questions of existence and uniqueness of solutions to equations in
this classhave been extensively studied in the recent literature (see, for
instance, Pardoux and Peng (1990) and Antonelli (1993)).

The setting is a complete probability spaleX,P) whereQ is the set
of states of natur& is ac-algebra and P is a probability measure defined on
(Q.,3). The time interval is finite [0,T]. The filtratid®, satisfies the "usual
conditions" (right continuity and P-completeness) @né 3.

Consider the linear recursive integral equation,

b =X+ EB[b S ds] ¥ =X, (D.1)

where X= {X; t¢[0,T]} is a semimartingale adapted to the filtration and
o = {38, te[0,T]} is a predictableand bounded process. We redtiadit the
double indexprocess b is B = bJ/b, where b= exp[-{ygdv] and
r={r, t<[0,T]} is predictable and bounded. The integrand in (D.1) is linear
in the contemporaneous value of the unknown proges#/e seek to find an
adapted solution of (D.1).

The solution procedure involves three steps. First, an assumption on
the representability of a selected random variable B enables us to convert the
backward integral equation into a linear forward equation. In a second step we

solve the forward version as a function of the process in the representation of
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B. In the last step we use the boundeoydition at time T and apply
conditonal expectations to obtain an expressionyfowhich involves the
projection of functionals of the exogenous processes r, Xdand the
contemporaneous information &t This solution procedure is constructive
and removes the need to formulate "guesses".

Defining the random variable B [jb8 4 ds we can write (D.1) as,

¥ =X + (a){E[B] - [obd b ds} (D.2)

subject to the boundary conditioj; = X;. Suppose that B admits the

representation,
E[B] = EB +[¢dM, t<[0,T], (D.3)

for some k-dimensional martingale MM t [0, T]} adapted to the filtration
and some predictable, square-integrable prapeg§/;b2d[M]] < . Then,

an application of Ito's lemma produces,
dip,=dX + (k)" {E[B]-sbd b ds}dt + (b)'ddM - 8 ¥ glt.(D.4)

Using thefact that (b} {E[B] - [{bS & ds} = ¢ - X, (from (C.2)) and
collecting terms yields,

dl"t = dXt + [(rt'ét)lpt - rtxt]dt + (h)ld)thta l|J-|- = XT, (D-5)

or, in integral formt?

° A related class of backward stochastic differential equations (SDE) characterizes
the adjoint processes ¢ ,arising in applications of the stochastic maximum principle
in settings with Brownian uncertainty structure (Brock and Magill (1979), Cadenillas
(1992), Caenillas and Karatzad 993)). Atypical equation takes ttferm dp =
[A#Bp+Cadldt + &dW,, p,=D;, for appropriate processes A, B, C, D and where W
is a Brownian Motion; the objective is to find an adapted pai) (phich solves this
equation. Sinceé impacts the drift of the backwaBDE the procedure outlined in
(D.2)-(D.10) does not work. Cadenillad992) finds a parammetricfamily of
solutions to th&sDE and uses the free parameter§ittthe boundary condition and
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Pr = €10 g+ [TeRMdX, - rX s + (b0 gM T, ¥ = X ¢ (D.6)
Substituting the iundary conditionr; = X; on the left hand side of (C.6) and
rearranging yields,
= €T ([T PMdX, - 1 X s + (b dM . (D.7)
But by Ito's lemma,
eI Y = X+ [TeM O [dX - (re8 )X ds]. (D.8)
Substitution in (D.7) produces,
P = X, + {[[eTT0™8 X ds - (b)'d gM 1. (D.9)

Since we assumetiat pc<?[M] is predictable and since r is bounded and
predictable we have

E[[{(b)*ddM] = 0. Taking conditional expectations on each side of (D.9)
then yields,

¥, = X, + B [Ty X ds]. (D.10)

To complete the proof it suffices to ensuftet therandom variable
B = [bd ar ds has the properties assumed at the outset. Substituting (D.10)
into the definition of B leads to a condition involving only the exogenous

processes X, r amdl. Hence, we have established the following result,

Theorem 11: Consider the recursive integral emuatvith linear integrand

(D.1) and suppose that,

B = [1bS IX &+ E [[Tg/Sv*V¥8 X du]]ds, (D.11)

meet the adaptedness condition.
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admits the representation
E,[B] = EB + [ {bdM, te[0,T], (D.12)

for M = {M; t [0, T]} a k-dimensional martingale adapted to the filtration
and some predictable, square-integrable proasS hen, the solution to

the recursive integral equation (D.1) is given by
=X, + B[ 761008 X ds]. (D.13)

If the represent&n (D.12) is unique the solution (D.13) is unique as well

Remark 3: Note that the procepsvhich is used in the derivation of the
solutioncan be expressed in terms of the exogeneous procéssasd &
only. Indeed,$ is the predictable process in the representation of the

random variable B defined in (D.11).

Remark 4: Conditional expectations can be applied directly to both sides

of (D.7) to obtain the equivalent representation
W= B 670 X - [T ™4 X, - r X gs]].

Example 2 (Brownian Filtration) Suppose that a d-dimensional Brownian
Motion process W is defined of(J,P) and that the flow of information is
given by the natural filtratiof¥,, i.e. the P-augmentation of the Brownian
filtration. Then, if the random variable B [{e/0V4,8 JX .+ E [ Te/dvove,

8 X dullds ¢ 9¥(Q,3,P) the martingale representation Theorem (Karatzas and
Shreve(1988))ensures thahereexists aunique progressively measurable
and square integrable procdssuch that E [B] = EB +;bdW, t<[0,T]. In

this setting conditior{D.12) is satisfied and the solution to trezursive

equation is unique and given by (D.13).
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Example 3 Consider a complete filtered probability spa@e,J,,P) where

the filtration, satisfies the usual conditions. Mt denote the space of
square-integrable martingalesdowed with thausual<¥?-norm and inner
product. Consider the sek = {M,,..,M} of square integrable martingales
with k elements and suppose that M;, M are strongly orthogonat jfé i
Suppose also that for any=NI? which is strongly orthogonal to all elements
of A we have N = 0. Undenése conditions any square integrable martingale
has the predictable representation property (Pr¢1@®@0), Corollary 3,
p.151). Hence if B defined in (D.11) belongsfgQ,3,P) the representation
property (D.12) holds.

We consider now two variations of the basic linear model (D.1). Both
of these variations can be solved by findingagpropriate transformation
mapping the equation into a version of (D.1).

Consider the following equations,

Yo=Y+ 6tE([.[Ibt,sstS]! Yr=Yg (D.14)
and

l|"t = Xt + EUI t,s((3 sllJ s+ .[SIB \}'lJ \dV)dS],lll T: X'F (D15)

where Y= {Y; t [0, T]} is an adapted semimartingake = {8,; t[0,T]} and

r = {r; te[0,T]} are predictable, bounded processes of the filtration and
B = {B tc[0,T]} is a predictable process. Also suppose that a strictly
positive processd>0.

% Mand N arstrongly orthogonalf the product MN is a (uniformly integrable)
martingale.
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Corollary 4: Suppose that the random variable,
B = [SbSI(Y 48 ) + ELT¢/#V* V™Y dullds, (D.16)

admits therepresentation§[B] = EB + [;ddM, t<[0,T], for some k-
dimensional martingale adapted to the filtratidh = {M; t<[0,T]} and
some predictable, square-integrable procéss Then, the solution to

equation (D.14) is given by,

Y= Y, + 8 E[[Te TV ds]. (D.17)

Proof of Corollary 4 Upon dividing both sides of (D.14) dy and defining

the new processes,
U = v/, X = Y0,

leads to the equatioty, = X, + E[[{ b8 & ds], ¥ 1= X 5 which has the same
form as (D.1). Applying Theorem 10 and performing the inverse

transformation yields (D.1'#.

Corollary 5: Define the process = { p; t¢[0,T]} by p, = E[[{b,ds]and

suppose that,
B=[chy(3sPB o)
[XAELT@ AU B p )X dullds, (D.18)

has the representatior;[B] = EB + [;bdM, t<[0,T], for some k-
dimensional martingal® = {M; t [0, T]} adapted to the filtration and
some predictable, square-integrable procéss Then, the solution to

equation (D.15) is given by,

P, = X, + E[[TefOPevd (8 4B o IX ds]. (D.19)
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Proof of Corollary 5 Using the integration by parts formula yields,
Elf{ (5B Wdv)ds] = E[ (b, 8 & (| 'b sdv)ds]
= E[[{b,B b EL™b (gvds],

where the second equality follows from the lawerfdted expectations and the
Jsmeasurability of b & o The resulting recursive equation is again of the

form (D.1) withd replaced by .+ p o . The Corollary follows
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